Using the three-negative binomial distribution (T-NBD) formulation, we analyze multiplicity distribution (MD) and Bose-Einstein correlation (BEC) at the LHC. The formula for the BEC based on the T-NBD (whose abbreviation is (T-N)) is expressed by two kinds of degrees of coherence λ 1 and λ 2 and two kinds of exchange functions E 2 1 and E 2 2 . They include two interaction ranges R 1 and R 2 . Using the equation mentioned above, we can analyze BEC data at 0.9 and 7 TeV, by making use of two sets of calculated λ 1 and λ 2 based on the T-NBD, and of free λ 1 and λ 2 . Estimated parameters R 1 and R 2 are almost coincident and they seem to be reasonable in pp collisions. Furthermore, an enlarged KNO scaling function based on T-NBD is also presented and applied to data on KNO scaling at LHC energies. That can describe the violation of the KNO scaling.
Introduction
In 2013, Zborovsky [1] analyzed the multiplicity distributions (MD) at 0.9 TeV and 7 TeV at the LHC, as measured by the ATLAS [2] and CMS [3] collaborations by means of the threenegative binomial distribution (T-NBD). The T-NBD with weight factors (α 1 + α 2 + α 3 = 1) is expressed as
Here, n i and k i are the averaged multiplicity and the intrinsic parameters of the NBD, respectively. The NBD is defined as follows:
P NBD (n, k, n ) = Γ(n + k) Γ(n + 1)Γ(k) ( n /k)
Moreover, very recently stochastic structure of T-NBD has been investigated by Zborovsky [4] , therein the oscillation of combinants of T-NBD is studied. Its importance is, first of all, pointed out by Wilk and Wlodarczyk [5] . Taking into account of recent investigation on T-NBD, in addition to various studies on KNO scaling [6, 7] , based on the double-negative binomial distribution (D-NBD) [8] [9] [10] [11] [12] , we would like to concentrate on the T-NBD in a different point of view, i.e., the identical particle effect [13] [14] [15] at LHC: (Related papers are as follows; theoretical studies [16] [17] [18] and empirical studies [19] [20] [21] .)
The moments of the charged-particle distributions are calculated as
For the identical particles, (a = + or a = − charged sign), we obtain the following relation
Eq. (4) can be interpreted as Eq. (4) :
(The number of pairs of identical charged particle in MD(P (n)) with α i )
×(identical particle effect in MD).
On the other hand, in 2018, the authors of [17] studied the interrelation between the MD and the Bose-Einstein correlation (BEC) based on the D-NBD. This paper aims to extend the framework of T-NBD and to compute N BG for BEC, as calculated by {α i , n i : i = 1 ∼ 3}. See Ref. [18] . The BEC is defined as . (5) For the sake of calculations, we use the following relation, n
, we adopt the three coefficients α i n i 2 as
For the BEC, based on T-NBD, we obtain the following formula
To describe the BEC in 0 ≤ Q ≤ 2 GeV region, the exchange function E 2 BEC is supplied in Eq. (7),
where R and Q are the interaction range and the momentum-transfer squared Q = −(p 1 − p 2 ) 2 . Thus, for a concrete BEC formula based on T-NBD, we obtain
where λ
. It should be noted that the third component (with α 3 ) shows a Poissonian property. Because k 3 's are large numbers, the third term (i = 3) does not numerically contribute to BEC (T-N) .
For analyses of BEC at the LHC, we have to pay our attention to that three collaborations (ATLAS, CMS, and LHCb [19] [20] [21] ) have used the well-known conventional formula
Taking into account Eq. (9), however as the second conventional formula, we would like to propose
where λ in Eqs. (9) and (11) .
In the second section, we analyze the MD at 0.9 and 7 TeV by means of Eq. (1). Therein a i s and (a i /s)(2/k i )s are displayed. In the third section, analyses of BEC by means of Eqs. (9), (10) and (11) are performed. In the 4th section, we present concluding remarks and discussions. In Appendix, the KNO scaling data are analyzed by an enlarged KNO scaling function based on the T-NBD.
2 Analyses of MD (P (n)) by means of Eq. (1) We being by analyzing the MD at 0.9 TeV and 7 TeV, as obtained by the ATLAS [2] and CMS [3] collaborations in terms of T-NBD introducing random variables for physical quantities at the starting point of the MINUIT program. Estimated parameters are displayed in Fig. 1 Table 2 . Figure 1 : Analysis of MD (P (n)) data collected by the ATLAS and CMS collaborations using Eq. (1). Notice that P (0) by CMS collaboration is excluded in our analysis as Ref. [1] . The renormalization method is adopted. 
ATLAS 0. 3 Analyses of BEC data in terms of Eqs. (9), (10) , and (11)
Our BEC results analyses are displayed in Fig. 2 and Tables 3 and 4 . As seen in Tables 3  and 4 , the combinations with ( * i) seem to be good coincidence. In BEC analyses in terms of BEC (T-N) , we use λ Table 3 : Analysis results of BEC data from ATLAS [19] using Eqs. (9), (10), and (11). The BEC formulas contain the normalization factor and the long-range correlation as (1 + εQ). The symbols ( * 1, * 2) indicate correspondences between results by Eqs. (9) and (11) 
Concluding remarks and discussions
Our working procedures by means of T-NBD and CF II are summarized in Fig. 3 . Our estimated interaction ranges and geometrical combinations are compatible. [20] using Eqs. (9), (10), and (11). The BEC formulas contain the normalization factor and the long-range correlation as (1 + εQ). The symbols ( * 1, * 2) indicate correspondences between results by Eqs. (9) and (11) C1) By making use of random variables for the initial values in the application of MINUIT to MD(P (n)), we estimate the values in Table 1 . In calculations, we pay our attention to the lack of P (0) and P (1) by the ATLAS collaboration and to the exclusion problem on P (0) by CMS collaboration as Ref. [1] . The renormalization is necessary in the application of Eq. (1).
in Table 2 , we analyze BEC data using Eq. (9). Values of χ 2 's at 7 TeV from CF I are reduced when BEC (T-N) and CF II are applied (See also C3)). These phenomena probably reflect the stochastic theory that governs MD(P (n)) at the LHC. See Refs. [22, 23] .
C3) By making use of CF II , i.e., Eq. (11), we estimate numerical values, a set of four parameters {R Table 5 . It can be said that R 1 's and R 2 's estimated by CF II and BEC (T-N) are fairly well coincident. In Table 6 , two kinds of degrees of coherence with ( * i =1, 2) are summarized. In spite of large error bars of λ seem to be reasonable. That reason may be attributed to common stochastic properties of ensembles for MD and BEC, which are described by the T-NBD, in particular. Tables 3 and 4 . Moreover we can add the following: for the combination of E 2 BEC 's at 0.9 TeV, the doubleGaussian distribution (G+G) is selected. On the other hand, those at 7 TeV are combinations of the exponential function (E) and the Gaussian distribution (G). This means that production mechanism at 0.9 and 7 TeV is different.
C5)
We may be able to point out the following correspondences among KNO scaling, MD and BEC, through the present investigation, as is shown in Table 7 . The key point is attributed to the violation of KNO scaling which was discovered in 1989 by UA5 collaboration. That collaboration proposed the double-NBD (D-NBD), first of all. Detailed analyses of KNO scaling based on T-NBD at LHC energies are given in Appendix.
C6) Provided that λ (II)
i 's are regarded as weight factors, we can estimate the effective interaction ranges as,
Those are displayed in Table 8 and Fig. 4 . They seem reasonable because R E 's increase, as colliding energy increases (0.9 TeV→7.0 TeV). R E 's at 7 TeV are larger than those at 0.9 TeV. 
D1)
We need to elucidate physical meaning of three kinds of the intrinsic parameter k i and weight factor α i . According to the Monte Carlo calculations by [25, 26] , the following correspondences are implied:
The first NBD with α 1 ↔ σ NDD , 2) the second one with α 2 ↔ σ SD , and 3) the third one with α 3 ↔ σ DD .
Where σ NDD , σ SD , and σ DD are cross sections of the non-diffractive dissociation, that of the single diffractive dissociation, and that of the double diffractive dissociation, respectively. 
Eq. (10) where z = n/ n . violation I:
where , 2) . See Ref. [18] violation II:
T-NBD CF II = Eq. (11)
a i where λ Poisson-like distribution. (i = 1, 2) in the future. For this purpose we have to investigate an improved framework in analysis of MD.
D3)
We are going to analyze the MD and BEC (2.0 < η < 4.5) by LHCb collaboration, to know whether or not the present theoretical formulas works well [27] . 
